Abstract. The following three types of objects are considered in a dual functorial formalism: (i) ind-scheme of mappings between two schemes, (ii) for a quantum group G, ind-scheme of G-mappings between two G-schemes, and (iii) ind-scheme of group homomorphisms between two quantum group. By schemes and quantum groups here we mean objects which are respectively dual to unital associative algebras and Hopf algebras.
Introduction
The main goal of this note is to describe structure of the following types of objects in a dual and constructive functorial formalism:
(i) ind-scheme of mappings between two schemes; (ii) for any quantum group G, ind-scheme of G-mappings between two G-schemes, and (iii) ind-scheme of group homomorphisms between two quantum group.
Here, by scheme, we mean an object which is dual to a unital associative algebra over a field. In other words, any algebra A is considered as the algebra of polynomial functions on a scheme SA (S stands for scheme, space or spectrum). In Noncommutative Algebraic Geometry such an object SA is called affine noncommutative scheme; see, for instance, [6] . Similarly, by quantum group or quantum group scheme, we mean an object which is dual to a Hopf-algebra. In [10] , we have considered these three types of noncommutative mapping schemes in the case that domains of the mappings are finite schemes, i.e. schemes dual to finite dimensional algebras. The idea behind of our constructions is very well-known and simple: For spaces Y, Z that have a specific structure, a map f : Z × X → Y satisfying some appropriate properties, can be considered as a family of the structure preserving mappings from Z to Y , parameterized by X. Then, the space of all such structure preserving mappings, if exists, must be a universal parameterizing space. Following this idea, For two algebras B, C, we can define the algebra of polynomial functions on the scheme of all mappings from SC to SB, as an algebra A together with an algebra morphism h : B → C ⊗ A satisfying the following universal property: For every algebra E and algebra morphism e : B → C ⊗ E, there is a unique algebra morphismê : A → E satisfying e = (id C ⊗ê)h. For more details see [10, 9, 8, 13] . In [10] , we showed that the universal algebra A exists provided that C is finite dimensional. In Section 2 of this note, we show, by a constructive method, that if the algebra A is replaced by a pro-algebra then the universal family h : B → C ⊗ A exists provided that B is finitely generated. Also, we show that the assignment (B, C) → A is functorial with respect to both of the B and C, see Theorem 2.6 and Corollary 2.7. This type of pro-algebras and the associated ind-schemes has been considered before by some authors for commutative algebras and ordinary affine schemes, for instance see [11, 12, 2, 4, 5] . (See also [3, Section 3] the noncommutative case.) Our approach to this type of objects is very more general and seemed to be very more simple. (Also, our constructions are easily computable, see the example at the end of Section 3.) In Section 3 we generalize a result of [10] by showing that the ind-scheme of all mappings from a scheme to a quantum group has a canonical quantum group structure. In Sections 4 and 5 we consider the construction of the objects of types (ii) and (iii) mentioned above. Although some results stated in Section 2 have been known (at least in the commutative case) since many years ego, but we emphasize that all the other results are new.
Notations & Terminology. Throughout, categories are denoted by bold letters. Let C be a category. For objects C, C ′ in C, C(C, C ′ ) denotes the set of morphisms in C from C to C ′ and id C ∈ C denotes the identity morphism on C. The categories of pro-objects and ind-objects of C are denoted respectively by proC and indC. (For general theory of pro and ind objects see [1, Appendix] .) An object in proC is a contravariant functor from a directed set (considered as a category in the usual way) to C. Thus any object C ∈ proC is distinguished by an indexed family {C i } i∈I of objects in C, where (I, ≤) is a directed set, together with a morphism C
If C, D are pro-objects of C indexed respectively by I, J then the pro-morphism set is defined by
The above definition of pro-morphisms can be expressed in a simple way as follows. A represented pro-morphism from C to D, is a subset Φ of ∪ i,j C(C i , D j ) satisfying the following two conditions:
The equivalence classes of represented pro-morphisms from C to D are in one-to-one correspondence (and hence identified) with the elements of proC(C, D). We denote by [Φ] the pro-morphism containing Φ. Note that if f :
. This enables us to replace Φ with an equivalent represented pro-morphism Φ ′ with the property that for every j there is i with Φ ′ ∩ C(C i , D j ) = ∅. And so we can define the composition of pro-morphisms in the obvious manner. Any object in C can be considered as a pro-object over a directed set with only one element. Thus we identify C as a full subcategory of proC.
Throughout, we work over a fixed field K. Algebras, vector spaces, linear maps, and tensor products are all over K. Algebras have units and algebra morphisms preserve units. The category of algebras is denoted by A. The full subcategory of commutative algebras is denoted by A c . The opposite category S := A op is called category of schemes. Any morphism in S is called a mapping. We let S c := A op c . The subscripts 'fd' and 'fg' for a category of algebras, show that objects of the category are respectively finite dimensional and finitely generated algebras. The subscripts 'fnt' and 'fd' for a category of schemes, show that objects of the category are respectively finite and finite dimensional schemes; indeed, it is assumed that S fnt := A op fd and S fd := A op fg . It follows from the above definitions that indS = proA op . The category of Hopf algebras [14] is denoted by H. The objects of G := H op are called quantum group schemes. Any morphism in G is called group homomorphism. Note that any commutative Hopf algebra is dual to an ordinary group schemes [7] .
Throughout, the symbol S denotes the renaming duality functor from any category of algebras to the corresponding category of schemes. For an algebra A, by a point of scheme SA we mean an algebra morphism from A to K. Similarly, for a pro-algebra A, a point of the ind-scheme SA is a pro-morphism form A to K.
Let A, B be pro-algebras in proA indexed respectively by I, J. The tensor product A ⊗ B is a pro-algebra indexed by I × J and defined by (A ⊗ B) (i,j) := A i ⊗ B j and (A ⊗ B)
Algebras of polynomial functions on mapping schemes
First of all we define three categories B, C, D associated to A, which simplify statements of our results. The objects in B are pairs (B : G), denoted shortly by B G , where B is an object in A and G ⊆ B generates B as an algebra. A morphism in B from
The objects in C are pairs (C : L), denoted shortly by C L , where C is an object in A and L is a finite linearly independent subset of C.
where B, C are objects in A, G ⊆ B generates B as an algebra, and δ b is a linearly independent finite subset of
) is a subset of the linear span of δ b . Composition of morphisms in B, C, D is defined in the obvious way.
. Then d can be considered as a functor:
is a sum of elements of the form c ⊗ a with c ∈ δ b , a ∈ A, and such that the pair (A, h) is universal with respect to this property, that is, if A ′ is an algebra and h ′ : B → C ⊗ A ′ is an algebra morphism such that for every b ∈ G, h ′ (b) is a sum of elements of the form c ⊗ a ′ with c ∈ δ b , then there is a unique morphism α :
Proof. The desired algebra A is the universal algebra in A generated by the set of symbols
Proof. It follows from the universal property of pairs (Ã(D),h(D)).
We have the following corollary of Lemmas 2.2 and 2.1.
There exist a functor A and a natural transformation h,
is a linear combination of elements of the form c ⊗ a with c ∈ L, and the pair
is universal with respect to this latter property.
The universal property offers that SA(B G , C L ) to be called scheme of mappings of type (L, G) from SC to SB. 
such that for every algebra E and morphism e : B → C ⊗ E there is a unique morphism e : A(B, C) → E satisfying e = (id ⊗ê)h(B, C).
Note also that there is a canonical one-to-one correspondence between A(A(B, C), K) and A(B, C) induced by the universal property of Theorem 2.3. For more details see [10] .
Proof. It follows immediately from Theorem 2.3.
Let M denote the functor induced by A on the opposite categories. We have the following immediate corollary of Theorem 2.4.
Corollary 2.5. We have a canonical functor M : S op fnt ×S → S such that for S 1 ∈ S fnt , S 2 ∈ S there is a natural bijection between the set of mappings from S 1 to S 2 and the set of points of M(S 1 , S 2 ). Thus, M(S 1 , S 2 ) is called the scheme of mappings from S 1 to S 2 . Now we show that if the values of A in (2) and (3) are allowed to belong to proA then A can be extended to A fg × A op . Let B ∈ A fg and C ∈ A. Suppose that G ⊂ B is a finite generating set for B, and V is a vector basis for C. Let J denote the directed set of all finite subsets of V with inclusion as the ordering. We define a pro-algebra A(B, C) = A indexed by J, and a pro-morphism h(B, C) = h : B → C ⊗A in proA, as follows. For every L ∈ J let , id) . Consider the set of morphisms Φ := {φ L : L ∈ J} where φ L := h(B G , C L ). Then Φ is a represented pro-morphism from B to C ⊗ A. Set h := [Φ]. We now show that the pair (A, h) has a universal property analogous to the one mentioned in Theorem 2.4: Let E be a pro-algebra indexed by I and e : B → C ⊗ E be a pro-morphism in proA. Let Ψ be a represented pro-morphism such that e = [Ψ]. Let ψ : B → C ⊗ E i belongs to Ψ. Since G is finite, there is L ψ ∈ J such that for every b ∈ G, ψ(b) is a linear combination of elements of the form c ⊗ x with c ∈ L ψ . By the universal property of (A L ψ , φ L ψ ) there is a unique morphism ω ψ :
Then Ω is a represented pro-morphism from A to E and we have e = (id ⊗ [Ω])h. Also it is not hard to see that if a represented pro-morphism Ω ′ from A to E satisfies e = (id
. This finishes the establishment of the universal property of (A, h). This property has three important consequences. The first one is that the isomorphism class of A(B, C) in proA does not depend on the specific choice of G or V . The second one is that if g : B → B ′ , f : C ′ → C are morphisms in A where B ′ is finitely generated then there is a unique pro-morphism A(g, f ) :
Dissembling some Set theoretical difficulties which are removable by working in a fixed universe, the third consequence is that the assignments (B, C) → A(B, C), (g, f ) → A(g, f ) define a covariant functor from the bicategory A fg ×A op to proA. Moreover, the construction shows that A takes actually values in proA fg . So, we have proved: Theorem 2.6. There exist a functor A and a natural transformation h,
with the following universal property: If E ∈ proA and e : B → C ⊗ E is a pro-morphism then there is a unique pro-morphismê : A(B, C) → E satisfying e = (id ⊗ê)h(B, C).
We have the following immediate corollary of Theorem 2.6.
Corollary 2.7. We have a canonical functor M : S op × S fd → indS fd such that for S 1 ∈ S, S 2 ∈ S fd there is a natural bijection between the set of mappings from S 1 to S 2 and the set of points of M(S 1 , S 2 ). Thus, M(S 1 , S 2 ) is called the ind-scheme of mappings from S 1 to S 2 .
Remark 2.8.
(i) Let A cfgred denote the category of commutative finitely generated reduced algebras. In the case that K is algebraically closed, V := A op cfgred is equivalent to the category of ordinary affine varieties over K. Indeed, for any algebra A in A cfgred , there is a canonical bijection between A(A, K) and closed points of the prim spectrum of A.
(ii) Let c : A → A c be the functor that associates to any algebra its quotient by the commutator ideal, and let r : A c → A cred be the functor that associates to any commutative algebra its quotient by the nil radical. We denote by the same symbols the canonical extensions c : proA fg → proA cfg and r : proA c → proA cred . Then, it is clear that the functors
have universal properties as in Theorem 2.6. We denote the dual functors by,
In the case that S 1 , S 2 ∈ V, the structure of the ind-affine variety M cr (S 1 , S 2 ) has been considered by some authors. See, for instance, [2] , [5, Theorem 2.3.3] . It seems that our approach is very more simple than the others.
At the end of this section we mention two basic properties of M. For ind-schemes S 1 = SB 1 , S 2 = SB 2 , we let S 1 × S 2 := S(B 1 ⊗ B 2 ). Thus in indS c , × coincides with the categorical notion of product.
Theorem 2.9.
(i) For S ∈ S, S 1 , S 2 ∈ S fd there is a canonical isomorphism in indS c ,
(ii) (Exponential Law) For S ∈ S fd , S 1 ∈ S, S 2 ∈ S fnt , there is a canonical isomorphism, 
Quantum group ind-schemes of mappings
In [10], we proved that if H is a Hopf algebra and C is a finite dimensional commutative algebra then A(H, C) has a canonical Hopf algebra structure; that is, in the dual notations, if G is a quantum group scheme and S ∈ S cfnt is a finite scheme then M(S, G) has a canonical quantum group scheme structure. We call M(S, G) quantum group scheme of mappings from S to G. It is easily seen that this construction is also functorial: Now, in order to extend the content of Theorem 3.1, we introduce the notion of Hopf proalgebra. A Hopf pro-algebra is a pro-algebra A with two pro-morphisms ∆ : A → A ⊗ A, ǫ : A → K, and a pro-linear map T : A → A, such that ∆, ǫ, T satisfy the similar identities for, respectively, comultiplication, counit and antipode, in the category proA. A morphism between two Hopf pro-algebras is a pro-morphism in proA which respects comultiplications and counits (and hence antipodes). We denote by PH the category of Hopf pro-algebras. (Note that PH is different from the category proH.) The objects of IG := PH op are called quantum group ind-schemes. The proof of the following result is a straightforward combination of proofs of [10, Theorem 5.5] and Theorem 2.6, and hence is omitted. In dual notations, we have a canonical functor M : S op c × G fd → IG. Moreover, for every S ∈ S c and G ∈ G fd there is a natural bijection between the set of mappings from S to G, and the points of M(S, G).
As an example, we describe the quantum group ind-scheme M(S, G) in a very simple case that S is the ordinary affine m-space A m , and G is a pseudogroup or matrix quantum group in the sense of Woronowicz [15] . We first restate the definition of pseudogroup [15] in a purely algebraic setting. A pseudogroup G = SB is described by a pair (B, (u kl )) where B ∈ A fg and (u kl ) is a n × n matrix with entries in B such that, (i) B is generated by the entries of (u kl ), (ii) the assignment u kl → n r=1 u kr ⊗ u rl defines an algebra morphism ∆ : B → B ⊗ B, and (iii) there is a linear anti-multiplicative map T : B → B satisfying T 2 = id B and n r=1 T (u kr )u rl = n r=1 u kr T (u rl ) = δ kl , where δ kl is Kronecker delta. It can be proved that the assignment u kl → δ kl defines an algebra morphism ǫ : B → K, and B is a Hopf algebra with comultiplication ∆, counit ǫ, and antipode T .
Let G = SB be a pseudogroup as above, and let S = A m := SC where C = K[x 1 , . . . , x m ] is the commutative polynomial algebra with m variables. We are going to construct a model for Hopf pro-algebra A = A(B, C). For every integer p ≥ 1, let A p denote the algebra generated by the symbols a p,k,l,i 1 ,...,im , with
defines an algebra morphism h p : B → C ⊗ A p . The universality of A p shows that for p ≤ p ′ , the assignment a p ′ ,k,l,i 1 ,...,im → z, where z = a p,k,l,i 1 ,...,im when m j=1 i j ≤ p, and z = 0 when
p } of algebras and morphisms defines the underlying pro-algebra of the Hopf pro-algebra A. For every p, the assignment, a 2p,k,l,i 1 ,...,im → n r=1 t j +s j =i j a p,k,r,t 1 ,...,tm ⊗ a p,r,l,s 1 ,...,sm , defines an algebra morphism∆ p : A 2p → A p ⊗ A p , and the family∆ = {∆ p } p≥1 is a represented pro-morphism from A to A ⊗ A. It follows from [10, Lemma 2.11] that for every p, T induces a linear anti-multiplicative mappingT p : A p → A p , and hence, the familyT = {T } p≥1 is a represented pro-linear mapping from A to A. For every p, the assignments a p,k,l,0,...,0 → δ kl and a p,k,l,i 1 ,...,im → 0, when (i 1 , . . . , i m ) = (0, . . . , 0), define an algebra morphismǫ p : A p → K. Also,ǫ = {ǫ p } p≥1 is a represented pro-morphism from A to K. Now, it is easily seen that A is a Hopf pro-algebra with comultiplication [∆], antipode [T ] , and counit [ǫ].
(ii) We have a canonical functor M † : G/S op × G/S fd → indS fd such that for G-schemes S 1 ∈ G/S, S 2 ∈ G/S fd there is a natural bijection between the set of G-mappings from S 1 to S 2 and the set of points of M † (S 1 , S 2 ). Thus, M † (S 1 , S 2 ) is called the ind-scheme of G-mappings from S 1 to S 2 .
ind-schemes of quantum group scheme morphisms
Let H 1 , H 2 ∈ H be Hopf-algebras respectively with comultiplications ∆ 1 , ∆ 2 . We let G 1 := SH 1 , G 2 := SH 2 denote their associated quantum group schemes. By a (pro-)family of Hopf-algebra morphisms from H 1 to H 2 we mean a pair (R, ψ) where R is a commutative (pro-)algebra and ψ :
where µ R : R ⊗ R → R denotes the multiplication of R, and F denotes flip between tensor product components. (Note that since R is commutative, µ R is a (pro-)algebra morphism.) It is natural to call (SR, Sψ) a (ind-)family of group homomorphisms from G 2 to G 1 , see [10, Section 4] . Similar to Lemma 2.1, we have the lemma below. The following theorem is concluded by applying this lemma as in Section 4. All the proofs will be omitted for brevity. (i) (A, h) is a family of Hopf-algebra morphisms from H 1 to H 2 .
(ii) For every t ∈ Q, h(t) is a sum of elements of the form s ⊗ a with s ∈ δ t , a ∈ A.
(iii) The pair (A, h) is universal with respect to the properties (i) and (ii). In dual language, the content of Theorem 5.2 is stated as follows.
Corollary 5.3. (i)
We have a canonical functor M ‡ : G op fnt × G → S c such that for quantum group schemes G 2 ∈ G fnt , G 1 ∈ G there is a natural bijection between the set of homomorphisms from G 2 to G 1 and the set of points of M ‡ (G 2 , G 1 ). Thus, M ‡ (G 2 , G 1 ) is called the scheme of homomorphisms from G 2 to G 1 . (ii) We have a canonical functor M ‡ : G op × G f d → indS cfd such that for quantum group schemes G 2 ∈ G, G 1 ∈ G fd there is a natural bijection between the set of homomorphisms from G 2 to G 1 and the set of points of M ‡ (G 2 , G 1 ). Thus, M ‡ (G 2 , G 1 ) is called the ind-scheme of homomorphisms from G 2 to G 1 .
